Abstract. This paper studies a fluid queueing system that has a single server, a single finite buffer, and which applies a strict priority discipline to multiple arriving streams of different classes. The arriving streams are modeled by statistically independent, identically distributed random processes. A proof is presented for the highly intuitive result that, in such a queueing system, a higher priority class stream has a lower average fluid loss rate than a lower priority class stream. The proof exploits the fact that for a work-conserving queue, the fluid loss rate for a given class is invariant of what queueing discipline is applied to all arriving fluid of this particular class.
Introduction
We consider a single-server, single-finite-buffer, fluid queueing system that applies a strict-priority queueing discipline to multiple arriving streams of different classes. Due to the finite buffer, certain entry of fluid into the queueing system can result in fluid loss due to buffer overflow. If we assume that the stochastic arrival processes associated with the fluid streams are independent and statistically indistinguishable, then it is intuitively compelling that a stream with a higher priority has a lower average loss rate than a stream with a lower priority. However, we have not seen such a proof, and we provide one in this paper.
Fluid queueing systems have been used in approximations of packet switching networks; e.g., to study congestion control [22] , call admission control [1] , bounds for per-flow service [15] , service provisioning schemes [4, 16, 17] , wireless transmission scheduling [24] , the relative impact of queueing delays as link bandwidths become large [12] , and network stability [2, 11] . Markov modulated fluid flow sources have often been assumed to compute or bound queueing occupancy distributions, e.g., [5, 8, 13, 23, 25, 26] .
Gaussian fluid flow sources have also been used for this purpose [6, 7] . Priority fluid queueing systems that have been studied include systems with separate (infinite) buffers for each class of arriving streams, e.g., [5, 8, 13, 18, 26] , and systems having a single buffer with space priorities, i.e., with separate drop thresholds for each class, e.g., [9, 10] . References [19, 20] address queueing systems which are like that considered here in that a single buffer receives input of different priority classes, with higher priority fluid given strict priority over lower priority fluid in receiving service and buffer space. Reference [19] studies the fraction of constant-bit-rate traffic that fails to meet a delay requirement due to interference from higher priority traffic that has throughput and burstiness constraints. Reference [20] considers first passage times associated with the buffer emptying.
Section 2 elaborates on the priority-queue model that we study in this paper. Section 3 proves our result for this system, that average loss rates are monotonically non-increasing with priority. Section 4 concludes the paper.
System model
The fluid queueing system under consideration has finite service rate capacity μ, finite buffer size B, and is work-conserving. It receives multiple fluid streams, each of a different class. The instantaneous arrival rate of class c fluid is denoted by random process a c (t), and we allow for the possibility of bulk arrivals, i.e., a c (t) may contain impulses. The random arrival processes of all classes are assumed to be statistically indistinguishable and mutually independent; i.e., random processes a c (t), c = 1, 2, . . ., are statistically independent and identically distributed. We represent the buffer occupancy of class c fluid by q c (t). At times when there is a positive work backlog ( c q c (t) > 0), fluid is drained from the queue at service rate μ. When the buffer is empty ( c q c (t) = 0), fluid is served at the rate, min [μ, c a c (t)].
A strict priority queueing discipline is applied to the arriving fluid classes. In general, we assign positive integer labels to the classes such that priority decreases with the increase of the label value. Then the priority discipline means that, for any j ∈ {2, 3, . . . }, the server cannot serve class j fluid whenever the demands of any higher priority class, labeled c ∈ {1, 2, . . . , j − 1}, are not fully satisfied. These demands are due to both the higher priority fluid backlogged in the buffer and the currently arriving higher priority fluid. If there is higher priority backlogged fluid (q c (t) > 0 for some c < j), then μ j (t), the available service rate for class j fluid, is zero. Otherwise (q c (t) = 0 for all c < j), μ j (t) is that part of service rate capacity μ that is not serving fluid of the higher priority classes. Specifically, we have that
The strict priority applies not only to the service discipline but also to buffer usage. Letting b j (t) represent the available buffer space for class j fluid at time t, b j (t) is that part of the buffer that is not occupied by fluid of higher-priority classes; i.e.,
Note that by (1) and (2), for any j ∈ {1, 2, . . . } and c ∈ { j + 1, j + 2, . . .}, μ j (t) and b j (t) are never impacted by the presence of class c fluid (i.e., a c (t) > 0 or q c (t) > 0 for some c ∈ { j + 1, j + 2, . . . }). The queueing dynamics of class j fluid take place exactly as if the fluid of lower-priority classes j + 1, j + 2, . . . were not present.
Proof of monotonicity result
To prove that average loss rates in a strict priority queueing system are monotonically non-increasing with priority, we consider the following scenario with two such queueing systems.
Comparison of two strict priority queueing systems
Suppose that there are two fluid queueing systems, each as described in Section 2, that have the same value of μ and the same value of B. Also suppose that there are fluid streams of classes 1, 2, . . . , j, where j ≥ 2, with independent, statistically indistinguishable random arrival processes. With a c (t) denoting the arrival rate of class c fluid, c ∈ {1, 2, . . . , j}, at time t, we let ω c represent a given sample path or realization drawn from the sample space for a c (t). We refer to a c (t), given realization ω c , as a c (t, ω c ). Also, we use ω to represent the vector of arrival process realizations, (ω 1 , ω 2 , . . . , ω j ).
One queueing system, which we call system 1 , receives all j classes of fluid streams, i.e., classes 1, 2, . . . , j. For some i ∈ {1, 2, . . . , j − 1}, the second queueing system, system 2 , receives i classes, i.e., classes 1, 2, . . . , i − 1, and class j. Most of our attention will be focused on the class that has lowest priority in both systems, class j. Note that there are never more available resources for class j in system 1 than in system 2 . Specifically, let μ n c (t, ω) and b n c (t, ω) denote a priority queue's available service rate and available buffer space, respectively, for class c fluid, c ∈ {1, 2, . . . , j}, in system n , n ∈ {1, 2}, at time t, given ω. Suppose initial conditions with a starting time, t = 0, such that, for any ω, a c (t, ω c ) = 0 for all t < 0 for any class, c, and that the buffers in systems 1 and 2 are both empty for all t < 0. (Here, we allow for bulk arrivals at time 0.) In this case, due to the strict priority discipline employed in each system, the dynamics of classes 1, 2, . . . , i − 1 are identical in systems 1 and 2 ; e.g., for any ω and t, we have
where q n c (t, ω) is the buffer occupancy of class c fluid in system n , n ∈ {1, 2}, at time t, for realization ω. Because there are also streams of classes i, i + 1, . . . , j − 1 arriving at system 1 , there is always as much or more fluid with priority over class j in system 1 than in system 2 . Therefore, the available service rates for class j in both systems are related as
(by (1)).
Similarly, by (2) and (5), the available buffer spaces for class j in both systems are such that b
Fluid loss over an interval
To further facilitate proof of the monotonicity result, for each class c, c ∈ {1, 2, . . . , j}, and for each arrival process realization ω c , we represent each element of class c fluid uniquely by a real number, indicating the order of arrival. More specifically, we define, for each arrival process realization ω c , a one-to-one correspondence between class c fluid arriving during time interval [0, ∞) and the real half-line, [0, ∞). This correspondence is ordered such that the fluid element represented by number f 1 arrives no later than that represented by f 2 if f 1 < f 2 . In our scenario with two systems receiving the class j fluid, for each f ∈ [0, ∞), both systems 1 and 2 receive the class j fluid element indexed by f , which we refer to as element f or simply f . In this representation, we define the amount of fluid represented by a set of real numbers, S, to be the volume of set S. For example, the fluid represented by the interval of real numbers, [a, b), has amount b − a. (Here, we use intuitive notion of "volume" to avoid excessive mathematical rigor. For a higher level of mathematical rigor, "volume" can be defined, for example, as the Lebesgue measure [21] or other measures with properties satisfying the intuitive notion of fluid amount; e.g., the measure of an interval is the length of the interval, etc. With different mathematical definitions for "volume", different mathematical assumptions will have to be added for mathematical rigor.)
Letting ω represent a given arrival process realization vector, (ω 1 , ω 2 , . . . , ω j ), we define
given ω}, and (9)
Note that A j (t, ω) is partitioned into AL n j (t, ω) and AD n j (t, ω) in each system n . Let m(S) denote the volume of set S. Then, it immediately follows that
The next section is to prove the following lemma regarding the volumes of AL 
m AD
Note that (12) and (13) are equivalent, which is evident from (11).
Proof of Lemma 1
To facilitate proof of Lemma 1, we define the following additional sets of class j fluid elements for a given arrival process realization vector, ω = (ω 1 , ω 2 , . . . , ω j ):
Note that A j (t, ω) of definition (8) is not only partitioned into AD n j (t, ω) and AL n j (t, ω); A j (t, ω) is also partitioned into the three sets,
(where m{Q n j (t, ω)} is another way of expressing the buffer occupancy, q n j
(t, ω)).
Because we are considering work-conserving queueing systems, the amounts of lost class j fluid referred to in Lemma 1 are invariant of which queueing discipline is applied within class j as long as the discipline is work-conserving [14] . We find it convenient to assume that in serving and buffering class j fluid at each time t, system 2 gives strict priority to the fluid in the set, AD 1 j (t, ω), within class j. To prove (13), we consider the dynamics of class j fluid in AD 1 j (t, ω) that would occur in system 2 if this system had infinite available buffer space for class j fluid. This hypothetical version of system 2 , referred to as system 2 , would be identical to system 2 except for having b 2 j (t, ω) = ∞ for all t ≥ 0, e.g.,
With no elements of AD
so that we have
The main part of our proof of (13) is to show the following proposition.
Proof. For time t such that m{Q 2 j (t, ω)} = 0, from (20) and definition (15) we have
For time t such that m{Q 2 j (t, ω)} > 0, we define the time,
and first show that
By definition (22) , for any ε > 0, there exists a time,
such that m{Q 2 j (τ, ω)} = 0 (where μ is the finite service rate capacity). By (20) and definition (15) ,
The amount of class j fluid that is served in system 1 over interval [τ ,σ ] is bounded by μ (σ -τ ), i.e.,
where the last inequality is due to (24) . Therefore,
(by (25))
Then (23) follows from (27) because (27) holds for any positive value, ε. By definition (22) , for all s ∈ (σ , t], m{Q 2 j (s, ω)} > 0, and since this backlogged class j fluid fully utilizes its available service rate, (6) and (23))
(service rate does not exceed available service rate), completing the proof of (21).
Now, for any
so that the buffer space used by class-j fluid in AD 1 j (t, ω) in system 2 is never greater than b 2 j (t, ω). In words, the fluid in set AD 1 j (t, ω) is not lost in system 2 ; to state more rigorously, set f ∈ AD 1 j (t, ω)| f is lost in system 2 has volume 0. Therefore, (13) is proved. Inequality (12) immediately follows from (13) because of (11).
A corollary to Lemma 1
In this section, we establish the following corollary to Lemma 1.
and lim sup
Proof. First note that for any class
but not both. Therefore,
Now, substituting (32) into (12) of Lemma 1 yields
(where B is the finite buffer size). Corollary 1 follows immediately from (33).
Monotonicity theorem
At this point, we can readily prove the main result of the present paper. Consider a priority-queue that receives fluid of classes (ω 1 , ω 2 , . . . , ω j ); (1, 2, . . . , j) ); thus, we have the following notational relation between random sets:
where L n j (T ) is the random set that, upon specification of realization ω, yields L n j (T, ω). Similarly, for system 2 , which receives i (i < j) classes, i.e., classes 1, 2, . .
We state the monotonicity theorem under the assumption that the fluid loss process in a priority-queue is ergodic in the following sense [3] : there exists the limit,
as T → ∞, with probability one;
i.e., for almost every [21] 
For any k ∈ {1, 2, . . . }, and considering the class vector, c k = (1, 2, . . . , k), we define¯ k :=¯ k ((1, 2, . . . , k) ).
Then, because all classes of arrival processes are statistically independent, identically distributed random processes,¯
for any k-vector, c k = (c 1 , c 2 , . . . , c k ), such that c 1 < c 2 < · · · < c k .
Theorem 1.
For the queueing system model of Section 2 (fluid queue with strict priority) receiving fluid of classes 1, 2, . . . , and positive integers, i < j, we have¯ i ≤¯ j , assuming ergodicity as in (38).
Proof. Let i, j ∈ {1, 2, . . . } such that i < j. Then i =¯ j ((1, 2, . . . , i − 1, j)) (by (40) =¯ j ((1, 2, . . . , j)) (with probability one by (38)) =¯ j (by (40) with c j := (1, 2, . . . , j)).
Discussions
The fluid queueing model facilitates the mathematical analysis while providing good physical intuition about many systems; e.g., [1, 2, [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [15] [16] [17] [18] [19] [20] [22] [23] [24] [25] [26] . In this paper, we proved a rather intuitive proposition that for multiple streams with statistically independent, identically distributed random arrival processes, a stream with a higher priority has a lower average loss rate than a stream with a lower priority. We also observe that analysis of a fluid queue at times requires mathematical artifices that are not seen in the analyses of discrete-event queues.
